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Abstract
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fully account for the asset fire-sales during the Financial Crisis of 2008. I present a model
to demonstrate that fire-sales may happen even when there is a sizable pool of natural
buyers and in the absence of asymmetric information, due to a coordina-tion failure
among buyers. In particular, I show that when trade is decentralized and participation is
endogenous, constrained asset demand and liquidity needs that are ex-pected to increase
over time create complementarity among buyers’ decisions to wait. This complementarity
makes competitive markets prone to coordination failures and fire-sales which may be
inefficient. I also discuss various policy options to eliminate the risk of fire-sales in such a
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1 Introduction

Sale of assets such as mortgage backed securities (MBS) at dislocated prices with deep
discounts is a prominent feature in most narratives of the Financial Crisis of 2008. Any
explanation of fire-sales should incorporate at least three broad facts about the asset markets
during the crisis period. First, the initial shock to asset values seems to have been relatively
small. Second, in conventional narratives of asset fire-sales sellers dump their holdings in the
market (for example to deleverage) which should increase the trade volume. By contrast, the
collapse of asset prices in many security markets during the recent crisis was accompanied by
lower trade volume, akin to a market freeze.! Finally, all financial assets subject to fire-sales
during the crisis were traded in decentralized markets.

I show that when trade is decentralized, participation is endogenous, potential asset de-
mand is constrained and liquidity needs are expected to increase over time, competitive
markets are prone to coordination failure which results in fire-sale prices. Coordination fail-
ure and multiple equilibria stem from complementarity among buyers’ (sellers’) decisions to
wait (to sell): when the potential demand of the asset is higher (lower) than its potential
supply, a buyer’s (seller’s) decision to wait (to sell) can raise other buyers’ (sellers’) reser-
vation utility by improving their future trade opportunities, thereby encouraging them to
wait (sell) as well. Fire-sale is accompanied by lower trade volume due to buyers postponing
trade when the potential asset demand is higher than the potential supply. In this case,
fire-sale has a bigger price impact when markets are initially more liquid. Fragility and
fire-sale require a medium degree of imbalance between buyers and sellers and a medium
degree of market liquidity. Importantly fire-sales can be dominated in terms of welfare by
the equilibrium with higher asset price and hence can be inefficient.

The possibility of coordination failure among buyers (or sellers) is a novel explanation
for depressed asset prices during crises periods and maybe particularly relevant for under-
standing the type of fire-sales experienced during the Financial Crisis of 2008. The classic
explanations of fire-sales emphasize liquidity constrained natural buyers who can either op-
erate the asset productively (Shleifer and Vishny (1992)) or can better understand the asset’
cash flows (Shleifer and Vishny (1997)). In contrast to these narratives, the focus of this
paper is to demonstrate that fire-sale may happen even when there is a sizable pool of nat-
ural buyers of the asset and in the absence of any asymmetric information, due to strategic

complementarity between buyers’ decision to wait (or sellers’ decision to sell).? Importantly,

1See Park (2011) and Chernenko et al. (2014) for the documentation of these facts respectively.

2He, Khang, and Krishnamurthy (2010) show that there has been a sizable redistribution of asset backed
securities (ABS) and leverage across the financial institutions rather than a uniform deleveraging in the
banking system during the recent crisis, suggesting that there were less constrained buyers in the market.
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this type of coordination failure is possible only when markets are decentralized and already
distressed: markets are hit by liquidity shocks and are subject to slow-moving capital (Duffie
(2010)). This strategic waiting is a new amplification mechanism which is complementary
to other explanations of slow-moving capital based on fundamentals of the market such as
search frictions, asymmetric information or leverage.

A brief description of the model is as follows. There are two types of agents: sellers and
buyers. Both types can consume over three periods but sellers are assumed to have a higher
propensity to consume in the first two periods because they are hit by liquidity shocks. In
this setup, one can think of the sellers as banks or other financial entities that have liquidity
needs because they need to pay their short-term debts or meet a tighter regulatory capital
requirements by liquidating assets in the market. Sellers hold one unit of an indivisible asset
at the beginning while buyers can buy at most one unit of the asset. The number of buyers
and sellers should be seen as proxies for the potential demand and supply in the market.
Importantly participation by both sellers and buyers is endogenous (yet costless): they can
trade at the initial date or postpone trade to the second period. Limited capacity of buyers
may be due to tightening borrowing constraints in the financial market during a period of
financial distress. Buyers post prices in the submarkets and sellers choose the the submarket
and the corresponding price to maximize their utility. Sellers can choose a higher price but
at the cost of facing a lower probability of trade as higher prices attract more sellers.

There are two types of equilibria which I label delayed and run equilibria. A delayed
equilibrium is an equilibrium in which buyers or sellers are indifferent between participating
or not participating in the market in the first period. As a result some buyers and sellers
end up waiting until the second period for trade. A run equilibrium, on the other hand, is
an equilibrium in which all buyers and sellers try to buy or sell in the first period.

The market is said to be fragile, where the two types of equilibria namely run and delayed
coexist. When the market is fragile, the fire-sale equilibrium is defined as the equilibrium
with the lower asset price. That is, a fire-sale equilibrium may be of either type: asset
price falls either because (a) sellers run to sell immediately as they don’t expect to find
many opportunities to trade later or (b) buyers delay their purchase in the hope of finding
even more desperate sellers in the future. If the number of buyers is more (less) than the
sellers in the market, fire-sale happens in the form of a delayed (run) equilibrium. There
are four critical elements making an asset market fragile in the model: a decentralized (yet

competitive) asset market with agents deciding when to enter the market, liquidity shocks at

Whether these less constrained buyers should be considered ”natural buyers” is an open empirical question.
Adverse selection can be another reason why many buyers did not step in. Dow and Han (2018) show how
asymmetric information may have increased during the crisis as specialized investors were capital constrained
and hence prices became less informative.
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current and future dates which are increasing in magnitude over time and a medium degree
of imbalance between potential supply and demand for the asset as well as a medium degree
of market liquidity. I show that the equilibrium is unique in the absence of any of these
elements.

In a centralized market, where trade takes place with certainty, the effect of each agent’s
decision to enter the market on others is fully priced and there are no non-priced externalities.
In contrast, agent’s decision to participate in a decentralized (yet competitive) market affects
the probability of trade at current and future dates. A competitive market can price at most
one of the two margins but not both. This leaves room for the presence of non-priced
externalities and coordination failure which is at the heart of market fragility and fire-sales
in this model.

To better understand these externalities and without loss of generality, consider the case
where there are more buyers than sellers. In this case, a buyer’s decision to wait decreases
the ratio of buyers to sellers in the first period, and increases the ratio of buyers to sellers
in the future period, thereby reducing market tightness in both current and future periods
(relative to when the buyer decides to enter in the first period).*The reduction in market
tightness in both current and future periods, discourage and encourage other buyers to wait
respectively. If the increase in probability of trade in the future date or equivalently the
increase in current reservation utility of waiting is strong enough other buyers will decide to
wait as well. In other words, there will be complementarity among buyers’ waiting decisions.*

The fire-sale equilibrium is often inferior to the equilibrium with the higher asset price
in terms of welfare due to the presence of non-priced externalities. More specifically, agents
don’t take into account the externality of their participation decisions on others’ reservation
utility at the initial date. When there are less sellers than buyers and there are multiple
equilibria, the high asset price equilibrium (run) dominates the fire-sale (delayed) equilibrium
as long as the ratio of sellers to buyers is not too low. This means that the fire-sale equilibrium
generates a lower aggregate trade surplus than the other equilibrium. A social planner can
create an allocation which is Pareto superior to the fire-sale equilibrium by making lump
sum transfers in the high asset price equilibrium. Therefore, the fire-sale equilibrium is
inefficient in this case. When there are less buyers than sellers, on the other hand, the
fire-sale equilibrium is always dominated by the high asset price equilibrium in terms of

welfare.

3Market tightness is likely to decrease in the second period because the volume of trade, i.e., number of
matches, decreases in the initial period. The ratio of remaining buyers to remaining sellers increases as the
number of sellers are higher in the market.

4Note that in a delayed equilibrium this complementarity raises the gains from waiting just enough to
make agents indifferent between participating in the current and future periods.
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I explore the model implications for the effect of fire-sales on price and trade volume in
the market. When there are multiple equilibria, fire-sale prices coincide with lower (higher)
volume of trade when there are less (more) sellers than buyers in the market. In other
words, fire-sales are accompanied by a surge in the volume of trade in the market (a run
equilibrium) only if there are too many sellers relative to buyers. In contrast, when there are
too few sellers, fire-sales follow a decline in trade volume (a delayed equilibrium). This is an
empirically testable prediction while noting that the number of buyers and sellers should be
interpreted as the relative size of potential demand to potential supply. Moreover, I show
that when the fire-sale happens in a delayed equilibrium the price impact of fire-sale, defined
as the percentage decline in the asset price compared to the high asset price equilibrium, is
bigger when markets are initially more liquid.

In my model, different types of policies may have different effects on market fragility.
Asset purchases by the government in order to keep asset prices above a certain threshold or
even a credible commitment to do so during the crisis can eliminate the fire-sale equilibria.
Policies that change the market structure or the trading platform, akin to standardization of
securities, introduction of Central Counterparty Clearing House (CCP) or requiring higher
transparency, on the other hand, have ambiguous effects on market fragility. The potential
effects of this latter set of policies depend on their quantitative effect on liquidity and demand
in the market.

The rest of the paper is organized as follows. After literature review in section 1, the
model is discussed in details in section 2.1. The conditions for fragility and the welfare
analysis are discussed in 2.2 and 2.3 respectively. Section 3 discusses the effects of different

type of policies and section 4 concludes.

1.1 Related Literature

There is a large literature on fire-sales going back to the classical paper Shleifer and Vishny
(1992). In Shleifer and Vishny (1992) fire-sales happen because agents who are experts in
using the asset are liquidity constrained. Shleifer and Vishny (1997), on the other hand,
emphasizes limited arbitrage capital by specialized investors who understand the asset. But
the explanation based on liquidity constrained experts is less applicable to financial assets.
Moreover, not all buyers which may be considered experts/specialized investors, e.g., banks,
were liquidity constrained during the crisis (He, Khang, and Krishnamurthy (2010)). As for
the limited arbitrage capital, there were non-specialized investors with abundant resources
(e.g. Warren Buffet) to buy these assets and its not clear why these investors did not step

in.
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Increasing information frictions can be one reason why outside investors did not buy dis-
tressed assets during the crisis. Dow and Han (2018) build a model to show how asymmetric
information problems may have increased during the crisis leading to low demand by less
liquidity constrained investors and hence depressed asset prices. In their model when spe-
cialized investors become liquidity constrained, market price becomes less informative about
the fundamentals of the asset. This exacerbates the adverse selection problem by decreas-
ing the supply of high quality assets. Increasing adverse selection lowers the valuations by
nonspecialized investors and depresses the price.

Guerrieri and Shimer (2014) is a model of fire-sale of assets in decentralized markets with
competitive search. Key features are competitive decentralized market and the presence of
private information about the quality of asset. There is a unique equilibrium in which sellers
signal quality of their asset by waiting longer for trade to take place. Fire-sale occurs when
the distribution of asset quality worsens. Moreover, fire-sales are accompanied by illiquidity
in the market. Chang (2018) studies a similar environment but with two dimensional private
information. In her model sellers have private information about both asset quality and the
degree of their distress. This implies that fire-sale happens only when trading volume is high
and distressed sellers are willing to sell their assets at a steep discount in a semi-pooling
equilibrium. In contrast to these papers, adverse selection doesn’t play any role in this
paper. Nonetheless, the model features fire-sale equilibria with both liquid /high-volume and
illiquid /low-volume markets depending on the ratio of potential sellers to buyers.

In contrast to narratives based on adverse selection, market freezes happen in Diamond
and Rajan (2011) due a debt overhang problem. Financial intermediaries refuse asset sales
which can raise the chances of of their survival because much of the benefits in the case of
survival are not accrued to shareholders.

This paper is also related to models of multiple equilibria in OTC markets. Vayanos and
Weill (2008) use a model of decentralized asset markets with multiple equilibria to explain
why newly issued treasury bonds are sold at a premium relative to the previously issued
bonds. In their model, short sellers borrow newly issued bonds which endogenously makes
them more liquid and special and hence they are sold at a premium. Such self-fulfilling
equilibria exist due to the presence of search externalities: each agent’s decision to borrow
the newly issued bond enhances the liquidity and specialness of the bond, making others
more willing to borrow the same type of bonds.

Guerrieri (2010) is a model of competitive search in the labor market with private infor-
mation and limited commitment on the side of workers. Unlike typical models of directed
search, the equilibrium is inefficient outside the steady state. The reason is that firms offer-

ing contracts at a given point in time do not internalize their externality on workers’ outside
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option in previous periods. Similar to Guerrieri (2010), an intertemporal externality is the
source of inefficiency and multiplicity in this model. However, the externality is from the
past actions on future probability of trade.

Hanson and Sunderam (2013) look at the drivers of investors’ demand for mortgage
backed securities before and during the subprime crisis. They document that the trading
for nontraditional securitizations declined significantly through the boom 2003-2007 and was
extremely low during 2007-2009 bust. This in their view is consistent with buyers’ strike
narrative (as opposed to the fire-sale narrative), which emphasizes market freezes due to
adverse selection or other frictions. This narrative is more consistent with falling prices
accompanied by lower volume of trade. They also find that investors sold more of their
liquid securities, e.g., government-guaranteed MBS, during the crisis.

Boudoukh et al. (2016) document puzzling behavior of newly issued sovereign bonds
spread during periods of financial distress. They find that the newly issued sovereign bonds,
which are more liquid and more expensive during normal times, become cheaper in time of
crises specially in the case of low quality sovereigns. In this paper, the price impact of fire-sale
as well as the drop in trade volume are larger for more liquid assets when fire-sale happens
in a delayed equilibrium. The findings in Boudoukh et al. (2016) would be consistent with
these predictions if trade volume in newly issued sovereigns decline more significantly than
the old bonds.

This paper is also related to the large body of research on multiple equilibria in currency
markets. Obstfeld (1996) provides a review of the relevant models. Unlike this model,
models of currency attacks feature centralized markets. The key ingredient which makes
the centralized market vulnerable to bad equilibria with large currency devaluations is the
presence of a non-negligible strategic agent namely the government.

Bernardo and Welch (2004) is an example of a model of fire-sale and run in a stock
market. Risk neutral investors fear that they need to liquidate shares after a run takes place
and before prices recover. This fear may force investors to sell today and may cause the run

itself. Similar to this model, future liquidity shocks play a key role in causing a run today.

2 Model

There are three periods t = 0, 1,2 and two types of agents, measure 1 of buyers and m > 0
of sellers, who can trade an indivisible asset in the first two periods. The asset pays off its

only dividend ds > 0 units of consumption goods at ¢t = 2. Agents preferences are as follows:
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Us == E0{5000 + 5101 + Cg} 5
Up =Eo{Co+C1 + Co},

Where subscripts S and B indicate the seller and buyer. We assume that buyers have
big enough endowments in ¢ = 0,1 to pay for the asset.” Both buyers and sellers can save
at the (gross) real rate of one in t = 0,1. Timing of events are as follows. In each period,
both types of agents first decide how much to save, then if they want to participate in the
market and finally consume whatever has not been saved or spent on market transactions.’

Coefficients 9y and 9; are seller’s marginal utility of consumption in periods t = 0, 1.
They capture a liquidity shock today or an expected liquidity shock tomorrow respectively.
Sellers in this model may represent banks or other financial entities that need to pay their
short term debts or meet a tighter regulatory capital requirements by liquidating assets in

the market. Therefore we make the following assumption:

ASSUMPTION 1. 0p > 1 and 6; > 1.

Sellers hold a unit of the asset in £ = 0 and buyers may buy at most one unit of the asset
in either t = 0,1. Note that given Assumption 1, buyers (sellers) have no incentives to sell
(buy) if they purchase the asset in the market at ¢ = 0.

Trade can take place in a decentralized market in both ¢t = 0,1 with competitive search
and random matching.” In each period, buyers post prices and form submarkets each of
which represent the subset of buyers who have posted the same price. Sellers of the asset
observe these prices and choose the submarket and the corresponding price to maximize their

utility. The buyers’ problem at ¢ = 1 if she participates is:

VP = max,, ,, ¢ (01)(d2 — p1)

o ; (1)
st. Uy <q7(01)01p1 + (1 — g7 (o1))ds

Buyer strictly prefers to participate in the market as long as V;® > RP where RP is the

reservation utility of the buyer at ¢t = 1 and is equal to zero. If V/ = RP buyer is indifferent

5The value of sellers’ endowment is irrelevant due to risk neutrality.

5The results are equivalent to assuming no saving. We can allow for saving after market transactions if
we introduce risk aversion.

"The main results of the model hold in an environment with random search. Using competitive search
shows that the complementarity among agents’ participation decisions and the resulting multiplicity as well
as the inefficiency results don’t depend on inherent externalities in random search.
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between participating and staying out of the market. o; is the ratio of sellers to buyers or
the length of the queue for the submarket with posted price of p;. Moreover, ¢2 and ¢ are
probabilities of being matched with a seller and buyer respectively in the submarket with the
queue length of o; which depends on the matching technology, i.e., market microstructure.
The participation constraint by the seller in the problem above requires that the seller’s

utility from trade is no less than the maximum, U7, she can obtain outside the match where:
U7 = max(V;, RY)

Where V° and R{ are sellers continuation utility from participating and reservation
utility of not participating in the market at t = 1. We note that Ry = dy. Using ¢° = o1¢7

and that the participation constraint is binding in equilibrium, one has:

¢ (01)(61p1 — do) = Uy — dy =
51gP (01)(ds — p1) = 01 (U7 — da) — (61 — 1)gP (01)do

Hence one can simplify the buyers problem:

Vi? = max {5—11«61 —Dat’(01)ds — 01 (UF — d))} (3)

Similarly, the problem of buyers at t = 0 is:

Vi = maxy, p, {45 (00)(d2 — po) + (1 — ¢ (00))UP }
st. U5 <q5(00)dopo + (1 — 5 (00))UY

()

Where UP = max(V;Z, RP) is the maximum utility for buyers if they wait until ¢+ = 1.
Note that given our notation this is the reservation utility at ¢ = 0 for buyers as well, i.e.,

RE =UP. And Uy is the maximum utility sellers can obtain in the market at time zero.
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2.1 Competitive Search Equilibrium

I assume that for any measure s of sellers and b of buyers at any given period who are active

in any of the submarkets, the number of matches is given by:

M(s, b) = ys b, (6)

where 0 < o < 1 and 0 < 7 < 1 is the efficiency of the matching function. Note that the
market liquidity of the asset is affected by both ~ and m.

We restrict our parameters so that the implied probabilities will be always less than one:

m—'ymlf‘* =1

1
ASSUMPTION 2. ya < Tom=a < 7.

To solve for the equilibrium we start at ¢ = 1. Using 3, the first order conditions (FOC)

for buyers at t = 1 are:

dqi’ (1)
d0'1

((51—1) ngUf—de, (7)

«

Given our matching technology 6, we have ¢P(o1) = yo1™%, ¢’ (01) = yo;* and hence

using 7 and 2 we can obtain the unique equilibrium price at ¢t = 1:

(1 - O‘)(51 - 1)d2 =01p1 —dy =

* — 5 —
py = e g,

Note that we have:

L)

<pi<d
5, P1 2

As 0 < a < 1. This implies that both buyers and sellers strictly prefer to participate in
the market at ¢ = 1. In other words Uy = V;* > Ry and UP = V2 > RE. Therefore, there
is a unique equilibrium price in the market at ¢ = 1 with full participation of both buyers
and sellers.

Using 2 and the equilibrium price 8, we can obtain the continuation utilities U7 and UZ

(or equivalently V;° and V/P) as follows:
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UP=Vy =1+ (1-0a) —1)yo; *)dy
(9)

U1 —Vl —751 17011 “dy

Turning to t = 0, we can use the participation constraint in 5, which must hold with

equality in equilibrium, to obtain:

45 (00)dopo = 0o(Ug — (1 — g5 (00))) =

(10)
a5 (70)po = 52 (U5 — (1 = ¢5(00)))
Since ¢’ (00) = ooqy (0p). This simplifies the buyer’s maximization at ¢t = 0:
1o -~ Uy —U? -
V# = max {qég(ao)(d2 - 5—Uf ~U8) -2 Lo+ U{B} (11)
o0 0 0
The FOC for an interior solution with full participation is:
— dqy (o US US
(dy — LU — UP) q;@@’ =4t o
(12)
i — Us—us

Soy(1—a)(dz ——US UF)

Full participation requires dy — %l_]ls — UL > 0and U; — U > 0. The price at t = 0 can

be obtained using participation constraint of the seller at t = 0 and 12:

— 1
po=(1—a)(ds = U7) +ar

7.5
1
50U1 ( 3)

(14)

Where UP and U? are given by 9. Full participation equilibrium, however, is not the
only possible outcome. Another type of equilibria may exist where agents are indifferent

between participating or staying out of the market at ¢t = 0. This happens only when:

10
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05— 05 =,
(15)

dy— LU —TF =0

Equations 15 imply that buyers cannot raise their lifetime utility by changing the proba-
bility or the price they post in the market. The term dy— %Uf —UP is equal to dy— %Uf -V
as UP = VB. This latter expression is the total extra surplus of trade (conditional on trade
taking place), a fraction « of which accrues to the buyer. It is evident from the first equa-
tion in 15 that for buyers to be indifferent, sellers must be indifferent as well. The second
equation above is in terms of continuation utilities of sellers and buyers at ¢ = 1 which are
given by 9. We can use 9 to obtain the following equation in the inverse of market tightness
att=1:

1 1-— 0 — 1 0 — 1
— 4 ( Oé)( 1 )VUT_Q + Oé( 1 ),}/Oglkl—a -1 (16)
(50 50 51

Any solution to 16 pins down the market tightness and continuation utilities at t = 1
for an equilibrium where agents are indifferent between waiting and participating at time
zero. We will examine later the conditions under which 16 admits a feasible solution. To

save space, it is convenient to define the following function for future reference:

DEFINITION 1. Function f(o) is defined as:

1 (I —a)(d — 1)701705 n a0y — 1),y0_%7a7 (17)
50 6() 61

flo) =

The market price will be given by the sellers’ participation constraint in 5 combined with
15:

Py = iUf =
(18)

Sk 1—a)(6:1—1 *—
by = {%4‘7( )5(01 )7‘71 }d2
The following defines a competitive search equilibrium in the model:

11
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DEFINITION 2. An equilibrium is a set of prices, probabilities of trade in the market, (inverse

of ) market tightness, measures of sellers and buyers participating in the markets and utilities

. . . *S

at t = 0,1, denoted by {p;,q’, 0,1’ ,Vi} fort =0,1 and j € {B, S}, such that o} = ZSB
0

*S
and o} = ZiB and sellers and buyers are mazimizing their welfare according to 1, 3, 7, 5 and
1

12 and py® = m if V¥ > R5 and pi? =1 if VP > RS,

Before moving to the next section, I can define some of the notions which will be used

throughout:

DEFINITION 3. Given a set of parameters, {m,7, o, 01}, market is said to be fragile if both
full participation and limited participation equilibria exist. When market is fragile we call
the equilibrium with full and limited participation a run and delayed equilibrium denoted by
superscripts R and D respectively. The strictly lower price at t = 0 between the run and

delayed equilibria (piP or pi®) is called a fire-sale price.

2.2 Fragility and Fire-Sale

I have characterized competitive equilibria in the previous section. In this section, I examine
the conditions under which markets are fragile and whether and when any fire-sale takes
place.

First, we want to characterize the behavior of the price at t = 0 for the delayed and run
equilibria when we have fragility in the market. We restate the equilibrium price for the run

equilibrium:

py=(1—a)(dy—UP) + az-Uf =
(19)

pi(of) = {(1 = a)(1 = 201 7*) + & (1+ (1 - )(d1 — 1)o7 %) }dy

The above equation for the price at t = 0 holds across different equilibria: for the delayed
equilibrium the equation collapses to 18 as we have dy — UP = %Uf . Taking the derivative

with respect to the (inverse of) market tightness gives:

dpg(07) [, a s (ra) l-o

dO'T n (_ 5001 (51

o7 dy < 0 (20)

The equilibrium price at ¢ = 0 is decreasing in inverse of market tightness o}, because
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higher o] makes finding buyers next period less likely and consequently reduces seller’s
continuation value or reservation utility. This in turn leads the sellers to accept lower prices
in equilibrium at ¢t = 0.

The change in the price at ¢ = 0, when agents switch from one equilibrium to another,
depends on the change in o]. As the equilibrium in the market at ¢t = 1 always entails full

participation of buyers and sellers we have:

m — 1

(21)

1= 1-— 40
Where vy is the total number of matches formed or the volume of trade in ¢ = 0. We note
that % > ( if and only if m > 1. We know that full participation always has the highest

volume of trade and therefore we can summarize the results as follows:

LEMMA 1. Whenever we have market fragility, the following hold for the delayed and run

equilibria:

nE<pil = m>1

Where superscripts D and R denote delayed and run equilibria. In other words, we have
fire-sale either in a run equilibrium where m > 1 or in a delayed equilibrium where m < 1.
Moreover, vy or the volume of trade at t = 0 is higher when the price is higher if and only if

m < 1.

When there are more (less) buyers than sellers in the market, the delayed equilibrium
has a lower (higher) price than the run as less participation in the market at ¢ = 0 lowers
(raises) the continuation value of the sellers and therefore the current market price. The
latter statement is true because by 21, when m < 1 (m > 1) the resulting market tightness

at t = 1 is an increasing (decreasing) function of the volume of trade at ¢ = 0.

2.2.1 Conditions for Fragility

Before any further analysis, its helpful to take a look at a benchmark where trade takes place

in a centralized competitive asset market:

LEMMA 2. (Centralized market as a benchmark) In a centralized competitive asset market,
and except for the knife-edge case of m = 1, the equilibrium prices at which trade takes place

are unique. When m > 1 the following are true. All trades take place int =0 at py = ds/dg
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if g > 01 orint =1 at py = dy /01 if 09 < §1. And po = p1 = do/do = do/01 and the volumes
of trade in t = 0,1 are indeterminate if 09 = 61. In this case buyers enjoy all of the trade
surplus. When m < 1 all trades take place int = 0 at pg = dy when 61 < dy and sellers
enjoy all of trade surplus. When 61 = 69 we have py = do but the volume of trade at t = 0
is indeterminate. Finally if 61 > dg no trade takes place at t = 0 and asset is traded only at
t=1.

The above lemma implies that market fragility within this setup is not a feature of cen-
tralized trading. This is because there are no externalities and no possibility of coordination
failure among sellers or buyers. When sellers and buyers can trade with certainty, delaying
trade by one agent at ¢ = 0 has no externality on others’ decisions as it doesn’t affect the
probability of trade for other agents.

By contrast, in a decentralized market each agent’s decision to participate at t = 0 may
change the probability of trade at both dates, t = 0,1, for others. The following lemma

establishes the existence of multiplicity at ¢ = 0:

LEMMA 3. There are potentially two types of equilibria with strictly positive volume of trade
at t = 0 in the model. One type features a unique full participation or run equilibrium that

15 characterized by 8, 9, 12, 13 and the following additional conditions:

.
B B B
Ve >Ry, VE>RE  u’=m, P =1,

*S __ -« *B __ l1—a
pw =m—ym"% 7 =1-—9m

¥ _ m—ym!~® x
0l = Tom=a: 0o =m

In the second type or the limited participation or delayed equilibrium, sellers and buyers

are indifferent between participating in the market and staying out of the market at t =
0. Equilibrium prices and utilities at t = 0,1, (inverse of) tightness measure and hence
probabilities of finding a partner at t = 1 are pinned down using 9, 8, 15, 16, 18 and the

following additional conditions:

* *S
xSl—a ypa  m—oj * _ Mg
= of = &
THo o =0} ’ 0= P
*S xSl pa *B __ x§l-a ypa
PT=mo— g gt i =1 =g g

14

©lnternational Monetary Fund. Not for Redistribution



Note that Lemma 3 characterizes equilibria with positive volume of trade at ¢ = 0. This
5

is because for some parameter values, such as when 5o or m are too large, an equilibrium with
no trade at time zero can exist. We can make an additional assumption to eliminate this
possibility which leaves the rest of the analysis virtually intact®. But to reduce complexity,
I just ignore the possibility of a no-trade equilibrium in the remainder of the paper.

Unlike random search, competitive search allows the intratemporal externalities of each
agent’s action to be fully priced in the market”. But the intertemporal externalities of agent’s
decision at t = 0 on others agents’ probability of trade at t = 1 and hence their reservation
utility at ¢ = 0 are not fully captured by price mechanism at ¢ = 0. This is the source of
coordination problems and multiplicity in the model.

Consider for example, without any loss of generality, the case of a buyer at t = 0. Her
decision whether or not to enter the market at t = 0 and what price to offer affects market
tightness at both ¢ =0 and t = 1. The buyer offers contract in which she specifies the price
while considering how that price will affects sellers’ incentives and consequently the market
tightness in her submarket at ¢t = 0. But the buyer takes others’ continuation value of not
trading at t = 0 as a given and fails to incorporate the externality of her decision on market
tightness at t = 1 and hence the reservation utilities of others at ¢t = 0.

In order to have multiplicity, these externalities should lead to complementarity among
agents’ actions. Complementarity arises because a buyer’s decision (a seller’s decision) to
wait (to sell) at t = 0 when m < 1 (when m > 1) reduces market tightness at ¢t = 1, i.e.,
increases of. This increases the reservation utility of other buyers (sellers) at ¢ = 0 which
encourages them to wait (to sell) at t = 0 as well.

We now turn to the conditions for the existence of multiple equilibria. To this end, we

need to make the following assumptions:

AsSuMPTION 3. We have f(vﬁ) >1, f(ya)> 1.

The first two inequalities in 3 ensures that limited participation equilibrium exists at least
for some values of m. The following proposition characterizes the conditions on liquidity

shocks for the existence of fragility in the market:

PROPOSITION 1. Given 3, the necessary and sufficient conditions in terms of the liquidity

shocks 69 and 01 that ensure the existence of fragility in the asset market at least for some

8For example if we have m < g—; or f(m) < 1, a no-trade equilibrium doesn’t exist.
9For this reason given the remaining measures of buyers and sellers at t = 1, equilibrium at t = 1 is
always unique and efficient.
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Fragility and Liquidity Shocks

2.2+ 4

1.8 + 4
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14+ .
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Figure 1: The region with red illustrates the values of liquidity shocks for which markets are
fragile for & = 0.55 and v = 0.3.

values of m is:

The above condition implies:

Moreover there is no fragility for m < 1, if f(1) > 1.

Proposition 1 states that to have fragility in the market the future liquidity shock should
be bigger than the current one. This has to be case in order to raise the value of waiting

relative to participation at the initial date. The total expected surplus of waiting can be no
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less than that of participating at time zero, only if sellers don’t discount the value of their
future participation at ¢ = 1. Otherwise, sellers and buyers don’t find it optimal to delay
their trade at t = 0.

For fixed levels of m and current liquidity shock, dy, an increasing ¢; changes the profile
of equilibria as follows. For low levels of §;, the only equilibrium is the full participation
equilibrium. As ¢; increases further and within the medium range of the future liquidity
shock indicated by Proposition 1, both types of full and limited participation equilibria exist
and market becomes fragile. Increasing d; even further leads to an equilibrium in which
there is no trade at ¢t = 0.

This is similar to other environments such as models of currency attacks where multiple
equilibria is an outcome when fundamentals are within a medium range, i.e., not too weak
or too strong. It is also important to note that a higher liquidity shock today, makes it less
likely to have market fragility. Non-extreme values of d;/dy are needed for fragility because
opportunities to trade in the current and future dates should be relatively comparable. This
has to be the case for the externalities of each agent’s decision to trade to have any effect
on others.

The next result shows how fragility depends on m, the ratio of sellers to buyers or the
size of (potential) supply relative to demand for the asset. Using Proposition 1, we restrict

our attention to the case f(1) < 1 where markets with m < 1 can also be fragile:

PROPOSITION 2. Assume that f(1) < 1. Given a set of all other parameters, {~, o, 01},

there exist a quadruple {m,m,m,m} satisfying:

1
Yo <m<m <1,

The above proposition suggests that there should be a minimum imbalance between the
supply and demand for the asset for the market to be fragile. This is because when m is

close to one, participation decisions at ¢ = 0 by agents don’t have any substantial impact on
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the (inverse of) market tightness, o}, at t = 1 and reservation utility of others at ¢ = 0: in
the limit when m = 1, there will be no impact and of = 1 regardless of what happens in the
market at ¢t = 0.

Fragility and Sellers to Buyers Ratio

2.4

2.2

2.0

1.8

01

1.6

1.4

1.2 }

0.7 1.2 1.7

Figure 2: The blue region illustrates the values of m for any level of d; for which markets
are fragile. Note that o = 1.6, « = 0.5 and v = 0.45.

Finally, we examine whether more or less liquid markets are prone to fragility. We focus
on the case m < 1, where fire-sale can happen only by switching from a run to a delayed
equilibrium. Given m < 1, the main parameter determining market liquidity in the model
is 7. Higher values of v means higher probability of being matched to a trading partner
and hence higher market liquidity (given a certain level of participation). Fixing all other
parameters one can derive the following conditions for values of v for which markets are

fragile:

LEMMA 4. For a given set of parameters {a, dg, 01, m}, the matching efficiency, v, has to
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satisfy the following necessary conditions for the existence of multiple equilibria:

ma((;() - 1)61 < < (60 - 1)51
(1—a)d +amd)(61 —1) = ' = (1 — a)é; + ady) (0, — 1)

Similar to the degree of imbalance in the market, too liquid or too illiquid markets
don’t feature multiplicity or fire-sale. For coordination failures and multiplicity, the present
externalities need to create complementarity between participation decision of sellers and
buyers in the market. This can’t happen when liquidity, imbalance in the market or liquidity
shocks are too high or too low. To see why assume m < 1 and consider a situation in which
measure sg and by of sellers and buyers have already decided to participate in the market at
t = 0. Now consider a buyer who is deciding whether to participate in the market at ¢t = 0.

We have oy = Z—g and that:

m — yso0;
o1 — ———————+

22
1 —yspo, (22)

It is easy to show that the marginal change in o; due to a change in o as a result of a

buyer’s participating decision (holding s, fixed) is:

do ayseog T (1 — m)
o) (o) = 220% (L= (23)
doy (1 —sp0g )

« e}

Note that vspo,* < 1 since yo,“ is a probability. Finally we can write the relative

marginal change in probabilities of meeting a partner for sellers and buyers as follows:

dq? (bo) _ (01)—(1—%-(1)@

dgg 150 o0 do

dqf o & do
dZ;B |50(b0) = (0(1)) 30(1)

When m < 1 a marginal decrease in by, as a result of a buyer’s decision to wait, implies
dqP > 0 and dgf > 0 while d¢f < 0 and dg5 < 0. In order to have complementarity in

waiting, these marginal changes should encourage other buyers and sellers to wait as well.

19

©lnternational Monetary Fund. Not for Redistribution



This is the case if qlB isn’t too low and isn’t too high, otherwise sellers and buyers would
prefer not to wait and to trade at t = 0. leen the above expressions for the relative changes

in probabilities, this suggests that 2%1) should not be too high or too low. This derivative is
—(1+a)

aysoo
(1—vspog “)2 "
range, 1 —m and v should be in a medlum range as well, as the latter is increasing in .

a product of two terms: 1 —m and In order to have the product in a medium

In contrast to s buyer’s waiting, when m < 1, a seller’s decision to wait until ¢ = 1
reduces oy but increases o;. This unambiguously encourages other sellers to trade at t = 0,
implying that sellers’ decisions to wait are substitute rather than complement.

It’s important to note that any change in by and consequently oy and o; not only affects
probabilities but also py which we have ignored in the above argument for simplicity. When
m < 1, a buyer’s decision to wait at t = 0 leads to higher reservation utility for other buyers.
By 19, we know that this results in a lower py while p; is independent of agents’ actions
at t = 0. As long as the decrease in the price at time zero is not too big there will be
complementarity among buyers’ waiting decisions. The size of the decline in time zero price

dal

depends on given above. Again, this implies that medium values of m and + are needed

to ensure that both buyers and sellers will find it optimal to postpone their trade.

2.2.2 Price Impact of Fire-Sale

An important aspect of fire-sale is the size of its price impact. Sizable price impact may be
both a symptom and a cause of deteriorating conditions in financial markets. For example,
highly depressed asset prices lead to significant balance sheet distress for some banks during
the recent crisis. This in turn hindered socially beneficial activities such as lending, market
making and liquidity provision for other financial entities.

In this subsection, I characterize how m and v, parameters governing liquidity and market
tightness, as well as the level of fundamentals dy and ¢, affect the size of the price impact in

fire-sale. For expositional clarity, below I define what I mean by price impact of fire-sales.

DEFINITION 4. When markets are fragile, the price impact of fire-sale is defined as the

percentage decline in the asset price when agents switch from the high asset price to the fire-

*D_ xR )
sale equilibrium. More precisely, the price impact is defined as A, = % when fire-sale
0
*D_ xR . . . .
happens in a run, and as A\, = ”)“*750‘ when 1t happens in a delayed equilibrium.
R po Po _—

The following proposition shows how liquidity and the ratio of sellers to buyers affect the

size of the price impact.

PROPOSITION 3. Assume that markets are fragile for a set of parameters, {m,~, dy, o1, a}.
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Price in Normal and Fire-Sale Equilibria
1.02 T T T T T T T T
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Figure 3: piP and pi® for different values of . Other parameter values are a = 0.5, 5y = 1.55,
0; =2 and m = 0.5.

Then djrfbo > 0 if fire-sale is a run (if m > 1) and dﬁ% < 0 if fire-sale is a delayed equilibrium
(if m < 1). This result implies:
dA,,
—— >0
dlm — 1]

The effect of v is as follows. When fire-sale happens in a delayed equilibrium (if m < 1), we

dA : I . . .
have Wm > 0. When fire-sale happens in a run equilibrium, if m > g—;, a sufficient condition
dA .
to have —2% > 0 is:
Y

(m B fyml_a)(l B le_a) _ Oé) i . m — le_a ) <1
ym!=*(m — 1) do (1 —ym!=)s,

(

The price impact of fire-sale, A, is unambiguously higher when there is more imbalance
between the buy and sell sides, i.e., higher |m — 1|, in the market. We know by 17 that p;”

doesn’t depend on m. Hence what drives the changes in A, is what happens to pif. Now
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without any loss of generality, consider the case where m > 1. Higher m in this case implies
a lower market tightness at ¢ = 1 and in turn a lower reservation utility at ¢ = 0 for sellers.

This suggests that higher m should depress the price in the run equilibrium.

COROLLARY 1. Let ;P and vi® denote the volume of trade at t = 0 for delayed and run
equilibria respectively. When m < 1 and market is fragile, vP is decreasing and vi™ is

*R__ %D . . .
increasing in y. This also implies that the impact on trade volume Voyigo 1S 1ncreasing in

0
7.

The above corollary states that when sellers are the short side of the market, more liquid
markets experience higher prices and trade volume in normal times and lower prices and
trade volume during fire-sales. Some recent works such as Boudoukh et al. (2016) and
Gorton (2010) document a puzzling reversal of the spread between more and less liquid

securities during crisis time. If these reversals are accompanied by lower trade volume, these

observations would be consistent with the predictions above.

2.3 Welfare Analysis

In this section, we look at the welfare properties of different types of equilibria when markets
are fragile. To this end and as the preferences are linear, we can assume a planner who aims
at maximizing the aggregate sum of the trade surplus in units of time zero consumption
goods. This amounts to summing up the time zero consumption equivalent of utilities of all

agents:

W=0E + 5@(705 (25)
0

The planner can make lump sum taxes and transfers at ¢ = 0 to improve sellers and
buyers welfare. The following lemma shows how we can rank equilibria according to the

welfare measure defined in 25:

LEMMA 5. If W; and W; are total welfare for two different equilibria i and j where W; > W,

the planner can design transfers in j to achieve an allocation j' that is Pareto superior to i.

I now derive the total welfare in the case of a run equilibrium. Using the objective

function 5 and FOC for a run equilibrium in 12 we have:
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Uy =05 ™% (de = 3:UF = UP) = (1 = a)yos = (dy — 5:UF = UP) +UP,
(26)
LUS = (1= a)yoy *(dy — £US = UP) + £U?
Using the fact that there is full participation in a run equilibrium, i.e., of = m, we can

compute the welfare by adding the two terms in 26 and simplifying as follows:

r7.S
W= (07 + SEm) + o' (dy — <07~ UF) (27)
0 0

The first term in 27 is the sum of (time zero consumption equivalent) reservation utilities
of both sellers and buyers. The second term is the product of total number of transactions
at t = 0 which is ym!'~® and the total extra trade surplus (net of reservation utilities) of a
match between a seller and a buyer.

Note that when there is multiplicity, 27 can be applied to both run and delayed equilibria.
In the case of a delayed equilibrium, the extra surplus ds — éUIS — UP is equal to zero and
total welfare is equal to the sum of reservation utilities. Therefore, and based on Lemma 5,
we can use this measure to rank different equilibria when there is fragility. The following

proposition establishes the main result of this section:

PROPOSITION 4. Given a set of parameters {7,dy,01} for which market is fragile, the

following are true for the run and delayed equilibria. When m > 1:
m>1 = WP(m,~,6,6)>Wrm,v,d,0)
And there exists 0 < & < 1 such that for m < 1:
E<m<1 =WP(m, vy, 6b,6) < WEm,~,d,01)

Where WE and WP denote the total welfare for the run and delayed equilibria respectively.

Lemma 5 and Proposition 4 imply that the run and delayed equilibria can be ranked
according to welfare in a meaningful sense. We note that when market is fragile, the equi-
librium with the fire-sale price is worse in terms of welfare as long as sellers to buyers ratio

is not too low:
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COROLLARY 2. When market is fragile, the equilibrium with fire-sale has the lower total
welfare for all m > & where £ < 1 is defined above.

3 Policy

Different types of policies may be used to eliminate the possibility of fire-sale equilibria in
this model. For example, when market is fragile, a policy to purchase the asset at a minimum
price pg™ can always implement the equilibrium with the higher asset price. This policy
works by eliminating the possibility of fire-sale as long as p§ < pit™ < pk, where pf and pf
are time zero price of asset in the two equilibria with high and low asset prices. A credible
commitment by the government or the central bank is enough to eliminate the fir-sale and
no asset purchase needs to take place in equilibrium. Asset purchasing policies implemented
after the financial crisis as part of different quantitative easing (QE) programs are relevant
examples in this regard.

Policies that change the market structure or trading platforms can affect market fragility
and the possibility of fire-sale as well. Standardization of the securities traded in the market,
for instance, can increase liquidity by affecting the efficiency of matching (higher ~), and
by broadening the buyer base of the asset (higher m). If the impact on liquidity is strong
enough, this can eliminate the fire-sale equilibrium. Nonetheless, if the impact is modest
and market liquidity is initial very low, an increase in liquidity may end up making the
market fragile and subject to fire-sale (proposition Proposition 4). Higher transparency in
OTC markets as well as introduction of centralized clearing platforms may have similar

ambiguous effects on market liquidity and hence on fragility. !’

4 Conclusion

This paper shows that decentralized asset markets can be fragile and prone to fire-sales when
they are subjected to liquidity shocks that are increasing over time. I demonstrate conditions
under which markets are fragile: liquidity shocks that are increasing in magnitude over time,
a medium degree of liquidity as well as imbalance between sellers and buyers in the market.
These fire-sales may be inefficient in that they lead to a suboptimally low aggregate trade
surplus relative to the equilibrium with the higher asset price.

I have abstracted from balance sheet effects of fire-sales in this model. One can extend

the model to make fire-sales worsen the balance sheets of the sellers. While the key insights

10See Loon and Zhong (2016) for evidence on the effects of Dodd-Frank on OTC transaction liquidity.
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of the model should hold in such an extended version, these balance sheet externalities can
deepen the fire-sale discount and exacerbate the negative welfare effects. It may be also
worth to examine whether the balance sheet effects can widen the range of fundamentals for
which markets are fragile.

Another extension which might be of interest is where agents hold a portfolio of assets
with different liquidity. In the real world, sellers and buyers typically hold a portfolio of assets
with different risk, return and liquidity. On the one hand, holding highly liquid assets, e.g.,
treasuries, can be a buffer against liquidity shocks as their price won’t be subject to fire-sales.
But they may also crowd out buyers and reduce the effective demand for the less liquid assets
in the market. This concern can be even more important if agents are risk averse and more
liquid assets are also safer. Whether and under what conditions holding more liquid assets

can make markets less fragile is a question for future research.
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A Appendix: Proofs

Proof of Lemma 1. For the last part of the proposition, note that we have vf¥ > 1/,

which in the case of m < 1 implies:

R D
«R_ M — 1 m-—Vy  4p

Given the derivations in the text, this implies that p§® > piP. The rest of the proposition is

proven in the text. [

Proof of Lemma 2. We solve the equilibrium backward. Suppose that 1 — s and m — s
are measures of buyers and sellers at ¢ = 1 who haven'’t already traded in the market, where
s is the volume of trade at ¢t = 0.

Consider the case of m > 1 first. Let p; denote the price in the market at ¢t = 1. The

demand curve for asset is:

;

0<p <dy=al(p)=1-s

pr=dy = af(p1) € 0,1 — 5]

(P> dy = af(p1) =0

Similarly supply curve at t = 1 is:

(

0<p <@ =aj(p)=0

P = g—f = af(p1) € [0,m — 5]

\p1>§—f:$ai(p1)=m—s

Where a? and a® are demand and supply for the asset. It is easy to check that the only
equilibrium price at ¢t = 1 where supply and demand for the asset are equal is p; = g—f. And
in equilibrium all 1 — s buyers participate in the market while only 1 — s measure of sellers

trade and the rest m — 1 stay out (and they will be indifferent between the two options).
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Moving to t = 0, the demand supply are:
( d d
0<po <5 = ajlpo) =1

po =5 = ag(p) € [0, 1]

(Po > 5 = ag(po) =0

Similarly supply curve at t = 0 is:

/

0<py <= aj(p) =0
po =5 = ag(po) € [0,m]

| Po > f;l—i = aj(po) =m

It is easy to see that equilibrium price and quantities are as follows:
(
So>0h=p =2 a=al=1

%7

50:51:>p0:§—§7 aj = af € [0, 1]

da d
\50<51:>p0€[5—f,5—§], &8:&820

Therefore whenever there is any trade at ¢ = 0, the equilibrium price is unique and equal to
d
&

Now consider the case of m < 1. Demand and supply curves at t = 1 are defined as
before. But because m < 1, the unique price will be p; = dy. At t = 0 we have:

/

0<py<dy= al(p) =1

po = dz = af(po) € [0,1]

\po > d2 = ag(po) =0
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Similarly supply curve at ¢t = 0 is:

)
0§p0<53%:>a8(170):0

Do = 5}5;[2 = aj(po) € [0,m]

Po > 53% = ag(po) =m

\

And therefore the equilibrium in this case will be:

/

50>51:>p0:d2, af):a
do =01 = po=do, af=ajec[0,m]

\50<51 ?poe[dg,%], aS:CLgIO

And again whenever there is trade at t = 0, the equilibrium price is unique which completes

the proof. [ ]

Proof of Lemma 3. Given 11, if dy — %Uf — U < 0 then o = 0 is optimal for buyers
which implies no trade at ¢ = 0. Hence we focus on the case dy — éﬁf — Uf > 0.

Consider the case of dy — %Uls — UE > 0 first. In this case, if Uy — Uy = 0 buyers will
set ¢2(oy) = 1. This needs either m < 75 or m > 7% which cannot be the case given
%form<1andm< for m > 1.
Therefore, we need to have U; — UP > 0. This implies the FOC in 12 are the optimality

conditions for buyers. Solving for UZ and Uj gives:

m_,ymlfa

Assumption 2. To see this note that m > T

p

0f = ooy~ (s 05 - 09 ) + 07

7S — — 7S
ﬁ:ﬂ—@wﬁ{@—gﬁ—%ﬁ+ﬁ

\

This shows that Vf = Uf > UP and V° = UJ > U? and that there is full participation by

buyers and sellers in equilibrium. Hence in equilibrium we have oj = m which also implies
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x _ m—ym!™®

T ymi—o and:

pe® =m,  u® =1,
/[{S =m — ,yml a7 /f{B =1 yml_o‘

Now consider the case dy — %Uls —UP = 0. We must have U — Uy = 0, otherwise buyers will
not enter the market and there will be no trade at ¢ = 0. Therefore, in this case both buyers

and sellers are indifferent between participating in or staying out of the market at time zero.

m—'ymlfo‘

If there exists a solution to dy — ~U? — UP = 0 in terms of ¢} such that of € [222% _— m
R 0 1 1 1—vm
when m <1 or o} € [m, 7=1%—] when m > 1, we will have the following;
xgl—a pa *
* m — Yy Ho sSl—a ypa m — 04
1= 5o pa o Moo =T
L —ypg Ho 71
Which completes the proof. ]

Proof of Proposition 1. Taking the derivative of f(oy) gives:

) Co(l=a)(01—1)  _gta) _ é
) = = DED, s, S

We note that f(oq) is strictly decreasing for oy < g—(l) and strictly increasing for g—(l) < 07 and
has a minimum at g—(l). By Assumption 3, we know that f takes values higher than one at

the boundaries. Hence the necessary and sufficient condition for the existence of a root is
f(§+) < 1. This implies:

( —x
f(g—;):ioJrv(g—;) 615—31<1 —
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It is easy to verify that Assumption 3 and Assumption 2 imply 6; > dg. This and the above

conditions give:

51 e (50—1 50 (51 %
(&) <aTi<z-z<

m—'yml’a
1—yml-«a

Therefore 1 < g—; < 7%. Finally, if m < 1 we have 75 < < m < 1 (Assumption 2).
If f(1) > 1, all values of f in ['yi, 1] are strictly higher than one and hence there’s no

0’16[

m—'ymlf‘*
1_,Ym1—a I

m] for which f(o;) = 1. This completes the proof. ]

Proof of Proposition 2. Let’s define the function (m) = % Taking the derivative

we have:

m) = {1= (' (1 =y ) f e >0

(1 —ym!=)?
The inequality above holds because ym!'=® and ym ™ are always less than one by Assump-
tion 2. Moreover we have ((1) =1 and ¢(0) = 0. Hence ¢ : [0,1] — [0, 1] is an isomorphism
and has a well defined inverse on [0, 1]. Moreover, ( : [1,7%) — [1,00) is also an isomor-
phism strictly increasing for 1 < m < 7%.

Consider the case of m < 1 first. And let 6; be the solution to 15 which amounts
to f(51) = 1. We know that va < &, < 1 exists because f(1) < 1 and f(ya) > 1 by
Assumption 3. We know from the proof of Proposition 1 that f is strictly decreasing for
m < 1. Also we must have that &, € [((m),m] (note that ((m) < m for m < 1) which

implies:
fm) < f(61) < f(C(m)) = (¢(m) <51 <m =, <m < (51)

Given that f(51) = 1 and that ¢ is an isomorphism which also imply that (~1(5;) < 1.
Next consider the case when m > 1. Let &y € [g—é,vﬁ] be the solution to f(&;) = 1.

We know that such solution exists because of Assumption 3, that f (g—;) < f(1) =1 since f

is minimized at g—é and that f is strictly increasing for [g—;, 7%] (Proposition 1). We must

also have &, € [m, zeta(m)] which implies g—; < ((m). This gives:

F(61) < f(C(m)) = 61 < ((m) = CTY(61) <m < (T (yTa) < yia

The last inequalities are the results of Assumption 2 and the fact that m < {(m) for m > 1.
oy > g—; > 1 and hence 1 < ¢~%(¢;) which completes the proof.
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Proof of Lemma 4. m < 1 implies that at time ¢t = 1 inverse of market tightness o,
satisfies m < o7 < 1. Using the proof of Proposition 1, we know that function f(oy)
is strictly decreasing for o; € [m,1]. This implies that f(oy) = 1 has a solution within
o1 € [m, 1] if and only if f(1) <1 and f(m) > 1. These last two conditions can be written

as:

50+{1a(511)+ 511}<1

L ‘l‘{ (1— oe(51 1)m—a_|_ (51 1) l—a},yz 1

Taking ~ to one side in above and simplifying yields:

ma(50 — 1)(51 < < ((50 — 1)51
(1= ) +amdg) (61 —1) = 7= (1 — @) + ady) (01 — 1)

Proof of Proposition 3. First we prove the result for m. First, note that pj” which is a
solution to 16doesn’t depend on m. This implies that the direction of change in A, depends
solely on how m affects pj®. When m > 1 (fire-sale in a run) we have A, = % by
definition. We know that:

o1t = ((m)

where ((m) is deﬁned in the proof of Proposition 2 and is shown to be increasing in m.

t p & i <0 which immediately implies

d dA
50 < 0. Therefore we must have -2 >0 when m > 1.

When m < 1, or equivalently fire-sale happens in a delayed equilibrium we have A, =
lpg—p5"|
T

To see the last part of results on m, note that % > 0 when m > 1 and % <0

. As shown above we have that p 0 < 0. And this 1mp11es ”0 < 0 when m < 1

> ( for all values of m.

when m < 1. This immediately establishes dc‘lﬁiol‘

Now consider a change in 7 First we look at the case where m < 1. In this case, we

_ P —1”0
have A, = -

dpgR .
oo < 0 and hence it
1
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* R
immediately follows that dZ—?Y > (. To see the effect on piP, taking the total derivative with

respect to v in 18 we have:

dps? (1 —a)(0; —1) -ty dot? e
& = 5 ( — ayoy &y + o0, )

Next we take the total derivative with respect to « from both sides of 16. This implies:

(I —a)(0 —1) o p—(1+a) dotP ooy a(dp—1) .p-adoiP WDl
5 (—ayoi? ' d; +oi”") + T((l —a)yoiP” & oi? ") =0
The above equations together imply:
dpaD Oé(51 - 1) D— adO-TD leoz
- _ 1 - * *
d’}/ 51 (( a)fy 01 d’}/ + 01 )

*D
If dal > 0, then all components in the parenthesis are strictly positive and therefore we

dp
dvy

that the function in 16 is strietly decreasing in of? < 1. This implies that an increase in 7,
de g
>0

D <1 and

have

Which shifts the function in 16 up, leads to a higher value of 07" in equilibrium. As

and 90— <0 Wehaved"0>0whenm<1

i1
o °

For the last part, oons1der a change in v when m > Since g—(l) > 1, we have A,

p*D_p*R . dp*D

OptiDo. We use the expression above for =2
0

dry

again:

dpg? (11— a)(01 —1) p-aradof? e
= = 5 ( — o, = + 0, )

Since m > g—(l), we know that 0P > m >

increasing for all o3P > > 0 as all terms in

6 I
parenthesis are positive

dpg" _ (i _ aiht (1 _ O‘Z{ dUiR)U*R*a 7R dU*RU*R*a
dry do 01 ot dy ot dy

Now using the expression for o;% above we have:

dot®  (m—1)m'-
dy (1 yml=)?
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*R
dO

Putting this back into the expression for ZV , we get:
dpg" {((m —ym (L —gmT) L m—gm 1) (m —Dym'™®
—_— = — R — J—

dy ym!=*(m — 1) do (1 —ym!=)s (1 —ym!=*)(m — ym!'~*)
Therefore, if the term in the bracket is negative we have dZiR < 0. In this case, since we
clearly have dZiD > 0, we get dﬁ% > (. This ends the proof. [ ]

Proof of Lemma 5. To see this suppose W; — W; = A > 0. Let U£ — UB = ¢ and
Uosj —Uj5 = n. If both € and 7 are positive, j Pareto dominates i and no transfers are needed.
Suppose without loss of generality that ¢ > 0 but n < 0. We know by assumption that
€+ %m = A > 0. The planner can give a lump sum subsidy equal to —% to the sellers while
levy a tax equal to —%m on buyers in equilibrium j to achieve a new allocation j'. Then

we will have:

7S _ 178 _ 7S
UOj’ = UOj —n="Uy,

O = U+ fom = (O + )+ m = Uf + 4> O

Hence in the new allocation j’, buyers are strictly better off and sellers are at least as well

off. This implies that j’ is Pareto superior to . [ ]

Proof of Proposition 4. Using 9 and 27 we can rewrite the the welfare as a function of

the (inverse of) market tightness at ¢t = 1:

m — ym!~ N (1—a)(m—ym'=)(§; — 1)

_ l1—o *—q
W = {7m + 5 5 yo 4+
a(dy —1)(1 —ym!—@
( 1 )(61 Y )70,1<1—a}d2

Taking the derivative of W with respect to o} gives:

dW  a(l—a)(0; —1)(1—ym'™®)  (14a) 5 m — ym!=«
_ R _Oumemam 4,
doy 01 o 7 8o 1 —mi-a [7?

< 6_1 m_,\/mlfa

6o 1—yml-«
11—«

It is evident that W is strictly decreasing for of and strictly increasing for

2% m—'ymlfo‘
6o 1—yml-«

_ 5 m—ym

* 11 *
oy > and has a minimum at of,;, = & 7= =

When m > 1, we have:
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l-a
*D *R m —rym *
o <ot = —————— < 0l
1 1 1 — yml—a 1min
Where it and 7P are the (inverse of) market tightness at ¢t = 1 for the run and delayed
equilibria. The last inequality follows from dy < ¢;. This implies that W > WZ£. For the
case of m < 1, we know that o}f = % <o? <m. It m <o}, wehave WE > WP
because W is strictly decreasing on the left of o7,,,. We show that there is a threshold
0 < ¢ < 1 for which m < o7,,,, as long as m > £. To this end define:
m — ym!=

§(m) = ————/m

1 —~yml-

Taking derivative with respect to m gives:

, _ /4 aym!t~® —1 1—ym™® aym~(1+e)
6 (m) - o l1-a -1 —a -1 —a
aym m~1 —ym m=1 —ym

We note that the first term above is always strictly positive and hence &'(m) > 0 and &(m)

is strictly increasing for all fyé < m < 1. Hence we have:

%
o

81 m —ym! = o .
[ — > — >
m_éol—yml—a <:>§(m)_51 = m>E

)
We also note that £(ya) = 0 and £(1) = 1 which implies that & : [ya,1] — [0, 1] is a one-to-

one mapping and so it has an inverse on [0, 1]. Hence given that g—(l) € [0,1] the threshold is
£ =¢71(8) < 1. This completes the proof. ]
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